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Abstract. We establish first parts of a tropical intersection theory. Namely, we define 
cycles, Cartier divisors and intersection products between these two (without passing to 
rational equivalence) and discuss push-forward and pull-back. We do this first for fans 
in R" and then for "abstracf cycles that are fans locally. With regard to applications 
in enumerative geometry, we finally have a look at rational equivalence and intersection 
products of cycles and cycle classes in R" . 



1. Introduction 

Tropical geometry is a recent development in the field of algebraic geometry that tries 
to transform algebro-geometric problems into easier, purely combinatorial ones. In the 
last few years various authors were able to answer questions of enumerative algebraic 
geometry using these techniques. In order to determine the number of (classical) curves 
meeting given conditions in some ambient space they constructed moduli spaces of tropical 
curves and had to intersect the corresponding tropical conditions in these moduli spaces. 
Since there is no tropical intersection theory yet the computation of the arising intersection 
multiplicities and the proof of the independence of the choice of the conditions had to be 
repeated for every single problem without the tools of an elaborated intersection theory 
(see for example IGMI . IKmII V 

A first draft of a general tropical intersection theory without proofs has been presented 
by Mikhalkin in IMJ. The concepts introduced there — if set up rigorously — would 
help to unify and solve the above mentioned problems and would provide utilities for 
further applications. Thus in this paper we develop in detail the basics of a general tropical 
intersection theory based on Mikhalkin's ideas. 

This paper consists of three parts: In the first part (sections|2]-|lll we firstly introduce affine 
tropical cycles as balanced weighted fans modulo refinements and affine tropical varieties 
as affine cycles with non-negative weights. One would like to define the intersection of 
two such objects but in general neither is the set-theoretic intersection of two cycles again 
a cycle nor does the concept of stable intersection as introduced in IIRGSTI work for arbi- 
trary ambient spaces as can be seen in example [3. 101 Therefore we introduce the notion of 
affine Cartier divisors on tropical cycles as piecewise integer affine linear functions modulo 
globally affine linear functions and define a bilinear intersection product of Cartier divi- 
sors and cycles. We then prove the commutativity of this product and a projection formula 
for push-forwards of cycles and pull-backs of Cartier divisors. In the second part (sec- 
tions |5] - O we generalize the theory developed in the first part to abstract cycles which 
are abstract polyhedral complexes modulo refinements with affine cycles as local building 
blocks. Again, abstract tropical varieties are just cycles with non-negative weights. In both 
the affine and abstract case a remarkable difference to the classical situation occurs: We 
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can define the mentioned intersection products on the level of cycles, i.e. we can inter- 
sect Cartier divisors with cycles and obtain a well-defined cycle — not only a cycle class 
up to rational equivalence as it is the case in classical algebraic geometry. However, for 
simplifying the computations of concrete enumerative numbers we introduce a notion of 
rational equivalence of cycles in section [8] In the third part (section |9|l we finally use our 
theory to define the intersection product of two cycles with ambient space M". Here again 
it is remarkable that we can define these intersections — even for self-intersections — on 
the level of cycles. We suppose this intersection product to be identical with the stable 
intersection discussed in llMl and IRGSTI though we could not prove it yet. 

There are three more articles related to our work that we want to mention: In ||K) the author 
studies the relations between the intersection products of toric varieties and the tropical 
intersection product on M" in the case of transversal intersections. This article is closely 
related to IFSI : In this work the authors give a description of the Chow cohomology of 
a complete toric variety in terms of Minkowski weights. These objects — representing 
cocycles in the toric variety — are affine tropical cycles in M" according to our definition. 
Moreover, there is an intersection product of these Minkowski weights corresponding to 
the cup product of the associated cocycles that can be calculated via a fan displacement 
rule. This rule equals the stable intersection of tropical cycles in M" mentioned above for 
the case of affine cycles. But there are also discrepancies between these two interpretations 
of Minkowski weights: Morphisms of toric varieties as well as morphisms of affine tropical 
cycles are just given by integer linear maps. However, the requirements for the fans are 
quite different for both kinds of morphisms. Also the functorial behavior is totally different 
for both interpretations: Regarded as toric cocycles, Minkowski weights have pull-backs 
along morphisms, whereas interpreted as affine tropical cycles they admit push-forwards. 
In USTII the authors study homomorphisms of tori and their induced morphisms of toric 
varieties and tropical varieties, respectively. Generically finite morphisms in this context 
are closely related to push-forwards of tropical cycles as defined in construction |4j2] 

We would like to thank our advisor Andreas Gathmann for numerous helpful discussions 
and his inspiring ideas that made this paper possible. 

2. Affine tropical cycles 

In this section we will briefly summarize the definitions and some properties of our basic 
objects. We refer to HGKMI for more details (but note that we use a slightly more general 
definition of fan). 

In the following sections A will denote a finitely generated free abelian group, i.e. a group 
isomorphic to Z*" for some r G N, and V := A ®% M the associated real vector space 
containing A as a lattice. We will denote the dual lattice in the dual vector space by 

A^ c yv. 

Deflnition 2.1 (Cones). A cone in F is a subset <t C V that can be described by finitely 
many linear integral equalities and inequalities, i.e. a set of the form 

a = {xeV\fi{x)=0,...Jrix)=OJr+i{x)>0,.-.jN{x)>0} 

for some linear forms /i, . . . , /jv G A^. We denote by Va the smallest linear subspace 
of V containing a and by A(j the lattice Va n A. We define the dimension of a to be the 
dimension of Va . 
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Definition 2.2 (Fans). A fan X in F is a finite set of cones in V satisfying the following 
conditions: 

(a) The intersection of any two cones in X belongs to X as well, 

(b) every cone <t E X is the disjoint union a = UreX rCo-''''^'' where t" denotes the 
relative interior of t, i.e. the interior of r in Vr- 

We will denote the set of all fc-dimensional cones of X by X'-''\ The dimension of X 
is defined to be the maximum of the dimensions of the cones in X. The fan X is called 
pure-dimensional if each inclusion-maximal cone in X has this dimension. The union of 
all cones in X will be denoted \X\ C V. If X is a fan of pure dimension k then the cones 
a e X^'^^ are called facets of X. 

Let X he a fan and a E X a cone. A cone t E X with r C cr is called a face of a. We 
write this as t < c (or r < cr if in addition t C a holds). Clearly we have Vr C Va- and 
At- C Act in this case. Note that t < a implies that r is contained in a proper face (in the 
usual sense) of a. 

Construction 2.3 (Normal vectors). Let t < cr be cones of some fan X inV with dim(r) = 
dim(cr) — 1. This implies that there is a linear form / e A^ that is zero on t, non-negative 
on cr and not identically zero on cr. Let Ua- G Act be a vector generating Ac/At = Z with 
f{ua) > 0. Note that its class Mct/t '■— ["o-] G A„/ Ar does not depend on the choice of 
Ua- We call Uct/t the (primitive) normal vector of cr relative to r. 

Definition 2.4 (Subfans). Let X, Y be fans in V. Y is called a subfan of X if for every 
cone a G Y there exists a cone ct' G A such that cr C cr'. In this case we write Y< X and 
define a map Cy,x Y ^ X that maps a cone cr G F to the unique inclusion-minimal 
cone cr' G A with a C a' . 

Definition 2.5 (Weighted fans). A weighted fan (A, ujx) of dimension fc in y is a fan X 
in V of pure dimension k, together with a map lux '■ A^*^) Z. The number ujx{(t) is 
called the weight of the facet a G A''^^. For simplicity we usually write uj{a) instead of 
u!x (cr). Moreover, we want to consider the empty fan to be a weighted fan of dimension 
k for all k. Furthermore, by abuse of notation we simply write A for the weighted fan 
(A, ujx) if the weight function ux is clear from the context. 

Definition 2.6 (Tropical fans). A tropical fan of dimension fc in 1/ is a weighted fan 
(A, uJx) of dimension k satisfying the following balancing condition for every r G A'^'^^^^: 

i^x{<j)-U,/r^OeV/Vr. 

a-:T<a 

Let (A, ojx) be a weighted fan of dimension k inV and A* the fan 

A* := {r G A|r < cr for some facet cr G A with ujxicr) 0}. 

(A*,a;x*) := i^* ,^x\(x')<-'''>) is called the non-zero part of A and is again a weighted 
fan of dimension kinV (note that A* = is possible). Obviously (A*, wx*) is a tropical 
fan if and only if (A, uix) is one. We call a weighted fan (A, ux) reduced if all its facets 
have non-zero weight, i.e. if (A, ujx) = (A* , ojx* ) holds. 

Remark 2.7. Let {X,u!x) be a tropical fan of dimension k and let t G X^'^~^\ Let 
cTi, . . . , cr^r be all cones in A with ai > t. For all i let v„./r G A be a represen- 
tative of the primitive normal vector u^^jrE A/ A,-. By the above balancing condition 
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we have '^^("'0 ' '^'rri/r = for some At G Ar- Obviously we have Ar = 

gcd(a;x (ci), ■ • ■ , wjc ((T^v)) • Ar for some further Ar G Ar. We can represent the great- 
est common divisor by a linear combination gcd(a;x(o'i), . . . , iLJx{<^N)) ~ cti^xio'i) + 
■ ■ ■ + aNUJx(o'N) with ai, . . . , aN G 2^ and define 

Va,/T W(T,/r - • Ar 

for all i. Note that tVi/r is a representative of u„.^^, too. Replacing all Wo-i/r by "^cri/r we 
can always assume that X^ili ^xi^r) ■ v^/t = G A. 

Definition 2.8 (Refinements). Let {X,u!x) and {Y,ujy) be weighted fans in V. We call 
{Y, ujy) a refinement of (X, ojx) if the following holds: 

(a) Y*^X*, 

(b) = \X* \ and 

(c) tjy(CT) = LOxiCY'-,X'icr)) forevery cr G (y*)(dim(y))^ 

Note that property [(b)| implies that either X* = F* = or dim(X) = dim(y). We call 
two weighted fans {X,llJx) and {Y,ujy) in F equivalent (write {X,u!x) ^ {Y,ujy)) if 
they have a common refinement. Note that {X, ti>x)and {X*, ujx\(x*)<-'^^'°'-^» ) are always 
equivalent. 

Remark 2.9. Note that for a weighted fan {X,u!x) of dimension k and a refinement 
{Y, ujy) we have the following two properties: 

(a) \X*\ = \Y*\, i.e. the support \X* \ is well-defined on the equivalence class of X, 

(b) for every cone r G yC^^^) there are exactly two cases that can occur: Either 
dim Cy.x(T) = fc or dimCy_x(''') = fc — 1. In the first case all cones a G F^'^-' 
with a > T must be contained in CY,xiT). Thus there are precisely two such 
cones (Ti and tT2 with (cti) = u!y{o'2) and Mcri/r = ^^(T2/t- I" the second case 
we have a 1:1 correspondence between cones a G Y^''^ with r < cr and cones 
a' G X^'^) with Cy,x(''') < o"' preserving weights and normal vectors. 

Construction 2.10 (Refinements). Let (X, ujx) be a weighted fan and Y be any fan in V 
with \X\ C |y|. Let P := {tr n a'\(T G X, ct' G 1"}. In general P is not a fan in V as can 
be seen in the following example: 




Fans X and Y such that {a D (j'\<j G X, <t' G Y} is not a fan. 

Here P contains r( = (72 H , but also T2 = ci n (T2 and T3 = 0-3 n <T2 ■ Hence property 
(b) of definition 122] is not fulfilled. To resolve this, we define 

Xr\Y:^{aeP\$ r G P^^^^'^)) with r C a}. 
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Note that X r\ Y is now a fan in V. We can make it into a weighted fan by setting 
0JxnY{<7) := ujx{CxnY.x{cr)) for all a e {X D y)(dim(X))^ j^^^^ p Y,ujxnY) is 
a refinement of {X,ujx)- Note that if (X, wx) and {Y,ujy) are both weighted fans and 
\X\ = |y I we can form both intersections X DY and Y D X. Of course, the underlying 
fans are the same in both cases, but the weights may differ since they are always induced 
by the first complex. 

The following setting is a special case of this construction: Let {X, ujx) be a weighted fan 
of dimension kinV and let / G be a non-zero linear form. Then we can construct a 
refinement of {X, ujx) as follows: 

Hf := {{x G V\f{x) < 0}, {x G V\f{x) = 0}, {x G V\f{x) > 0}} 

is a fan in V with \Hf \ = V. Thus we have |X | C \Hf \ and by our above construction we 
get a refinement {Xf^uXf) (X fl Hj, ujxnHf) of X. 

Obviously we still have to answer the question if the equivalence of weighted fans is indeed 
an equivalence relation and if this notion of equivalence is well-defined on tropical fans. 
We will do this in the following lemma: 

Lemma 2.11. 

(a) The relation "~" is an equivalence relation on the set of k-dimensional weighted 
fans in V. 

(b) If {X^LJx) is a weighted fan of dimension k and (Y^luy) is a refinement then 
{X, uJx) is a tropical fan if and only if (Y, LUy) is one. 

Proof. Recall that a fan and its non-zero part are always equivalent and that a weighted fan 
X is tropical if and only if its non-zero part X* is. Thus we may assume that all our fans 
are reduced and the proof is the same as in OGKMI section 2]. □ 

Having done all these preparations we are now able to introduce the most important objects 
for the succeeding sections: 

Definition 2.12 (Affine cycles and affine tropical varieties). Let {X, ux) be a tropical fan 
of dimension k in V. We denote by [{X, uJx)] its equivalence class under the equivalence 
relation "~" and by Z^^{V) the set of equivalence classes 

Zf{V) := tropical fan of dimension /tin V}. 

The elements of Z^^{V) are called affine (tropical) k-cycles in V. A fc-cycle [(A', ux)] 
is called an affine tropical variety if uJxic^) > for every a G X^''\ Note that the last 
property is independent of the choice of the representative of [{X, ujx)]- Moreover, note 
that := [0] G Zf{V) for every k. We define \[iX,ujx)]\ \X*\. This definition is 
well-defined by remark |279l 

Construction 2.13 (Sums of affine cycles). Let [(AT, wx)] and [(y, wy)] be fc-cycles in 
V. We would like to form a fan X + Y hy taking the union X U Y, but obviously 
this collection of cones is in general not a fan. Using appropriate refinements we can 
resolve this problem: Let fi{x) > 0, . . . , fNi{x) > 0, /jvi+i(a;) = 0, . . . , /Ar(x) = and 
gi{x) > 0, . . . , gMi {x) > 0, 5mi+i (a;) = 0, . . . , gM (x) = be all different equalities and 
inequalities occurring in the descriptions of all the cones belonging to X and Y respec- 
tively. Using construction l2. lOl we get refinements 

X X n i//, n • • • n n n • • • n 
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of X and ^ 

y := y n iJ/, n • • • n n n • • • n Hg,, 

of Y (note that the final refinements do not depend on the order of the single refinements). 
A cone occurring in X or y is then of the form 



i e /, j G J, fee A', 
i' e ]' e J', fc' e K' 



Mx)<0, /,(x)=0, /fe(x)>0, 
(x) < 0, ffj/ (x) = 0, gk' (x) > 

for some partitions /UJU A' = {1, ... ,7V} and/'U J'Uif' = {1, . . . ,M}. Now, all these 
cones (T belong to the fan Hf-^D- ■ -Cillfj^ ^Hg^ fl- • -Dllgj^j as well and hence XUY fulfills 
definition l2.2l Thus, now we can define the sum ofX and y to be X+y := XUY together 
with weights ujx+y{o') '■= '^x(^) ~^ '^y (^) ^'^^ every facet of X + y (we set oja{a) := 
if (T does not occur in □ e {X, Y}). By construction, {X + Y, lux+y) is again a tropical 
fan of dimension k. Moreover, enlarging the sets {/i}, {gj} by more (in)equalities just 
corresponds to refinements of X and Y and only leads to a refinement of X + y. Thus, 
replacing the set of relations by another one that also describes the cones in X and Y, or 
replacing X or y by refinements keeps the equivalence class [(X + Y, lux+y)] unchanged, 
i.e. taking sums is a well-defined operation on cycles. 

This construction immediately leads to the following lemma: 

Lemma 2.14. Z^^(V) together with the operation "+" from construction \2.13\ f orms an 
abelian group. 



Proof. The class of the empty fan — [0] is the neutral element of this operation and 



[{X, ~ujx)] is the inverse element of [{X, ujx)] S Zf{V). □ 



Of course we do not want to restrict ourselves to cycles situated in some M". Therefore we 
give the following generalization of definition |2.12| 



Definition 2.15. Let X be a fan in V. An affine k-cycle in X is an element [{Y, ojy)] of 
Zf{V) such that \Y*\ C \X\. We denote by ZfiX) the set of fc-cycles in X. Note that 
{Zf{X), +) is a subgroup of {Zf{V), +). The elements of the group 2'^Lx-i(^) 
called Weil divisors on X. If [{X, ljx)] is a cycle in V then Zf{[{X, ljx)]) := Zf{X*). 



3. Affine Cartier divisors and their associated Weil divisors 



Definition 3.1 (Rational functions). Let C be an affine fc-cycle. A (non-zero) rational 
function on C is a continuous piecewise linear function (p : \C\ ^ M, i.e. there exists 
a representative {X, uix) of C such that on each cone a E X, (f is the restriction of an 
integer affine linear function (p\a- ~ X + c, X E X^, c <E R. Obviously, c is the same on all 
faces by c = (p{0) and A is uniquely determined by ip and therefore denoted by ipc^ A. 
The set of (non-zero) rational functions ofC is denoted by /C*(C). 

Remark 3.2 (The zero function and restrictions to subcycles). The "zero" function can be 
thought of being the constant function — oo, therefore /C(C) := K.*{C) U {— cxd}. With 
respect to the operations max and +, K,{C) is a semifield. 

Let us note an important difference to the classical case: Let D be an arbitrary subcycle of 
C and if G IC*{C). Then (p\\D\ G JC*{D), whereas in the classical case it might become 
zero. This will be crucial for defining intersection products not only modulo rational equiv- 
alence. On the other hand, the definition of rational functions given above, requiring the 
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function to be defined everywhere, seems to be restrictive when compared to the classical 
case, even so "being defined" does not imply "being regular" tropically. In some cases (see 
remark ISTSI l it would be desirable to generalize our definition while preserving the above 
restriction property. 

As in the classical case, each non-zero rational function (p onC defines a Weil divisor, i.e. 
a cycle in Z^f^^^_^{C). The idea of course should be to describe the "zeros" and "poles" 
of (f. A naive approach could be to consider the graph of (pinV xR and "intersect it with 
V X {— cxo} and V x {+00}". However, our function ip takes values only in M, in fact. On 
the other hand, the graph of (p is not a tropical object as it is not balanced: Where (p is not 
linear, our graph gets edges that might violate the balancing condition. So, we first make 
the graph balanced by adding new faces in the additional direction (0, —1) G x R and 
then apply our naive approach. Let us make this precise. 

Construction 3.3 (The associated Weil divisor). Let C be an affine fc-cycle in V = A CE) M 
and (fi G /C*(C) a rational function on C. Let furthermore {X,uj) be a representative 
of C on whose faces ip is affine linear Therefore, for each cone cr G AT, we get a cone 
a := (id X(pcr){o') in y x M of the same dimension. Obviously, := {a\a G X} forms 
a fan which we can make into a weighted fan (r^,ili) by uj{a) := (-^(c). Its support is just 
the set- theoretic graph of 1^ — (^9(0) in |A'| x R. 

For r < (T with dim(T) ~ dim(cr) — 1 let v^/^ G A be a representative of the normal 
vector Wcr/r- Then, (wcr/n fa-iva/r)) £ A X Z is a representative of the normal vector 
Uj/f. Therefore, summing around a cone f with dimf = dimr = fc — 1, we get 



/ 



\ T<cr 



J 



From the balancing condition for (AT, oj) it follows that X^cre Y('») r<cr ^('^)^'o-/t G ^t, 

which also means {Y.aexW:r<a'^i'^)'"<y/r,^r (Eaex('=):r«T ^('^)^'^/r)) e ^f- There- 
fore, modulo Vf , our first sum equals 



\ (Tex""' crexC-'' 

\ T<a T<<T 



\ 



J 



G F X 



So, in order to "make {Vip^uj) balanced at f", we add the cone := f + ({0} x M<o) 

with weight = EaeXC^lir^r V<T(t^(cr)w^/r) - </'r(E^eA'('=):r<^^('^)«<j/r)- As 

obviously [(0, —1)] ^ Uf,/f G {V x Wj/Vf, the above calculation shows that then the 
balancing condition around f holds. In other words, we build the new fan {T'^,Cj'), where 



r' 



^ = r^u{f + ({0}xK<o)|f Gr^\rw|, 

+ ({0} X R<o)) :== ^ ipa{uj{a)v„ir) - ipri^ ^ uj{a)v„ir^ 



r <cr 

if dim f = fc — 1 . 



aeX'-"' 
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This fan is balanced around all f e . We will show that it is also balanced at all 

"new" cones of dimension fc — 1 in proposition |3.7| 

We now think of intersecting this new fan with V x {—00} to get our desired Weil divisor 
(As our weights are allowed to be negative, we can forget about intersecting also with 
V X {+00}). This construction leads to the following definition. 

Definition 3.4 (Associated Weil divisors). Let C be an affine fc-cycle in V = A M and 
(fi G K.*{C) a rational function on C. Let furthermore (AT, oj) be a representative of C 
on whose cones ip is affine Hnear. We define A\\{(p) :— tp ■ C :— [(Ui=o^ ^ 
^fe'!i(C), where 

r<(T r<<7 

and the v^/r are arbitrary representatives of the normal vectors Mct/t- 

Let D be an arbitrary subcycle of C. By remark [l!2l we can define ip ■ D (f\\D\ ■ D. 

Remark 3.5. Obviously, uiipir) is independent of the choice of the v„/^, as a different 
choice only differs by elements in Vr- 

Our definition does also not depend on the choice of a representative (AT, oj): Let {Y, v) 
be a refinement of {X,uj). For t G Y^''~^\ two cases can occur (see also remark |2!9] |: 
Let r' := CY,xiT)- If dimr' = fc, there are precisely two cones at t < cti, (T2 & Y^''\ 
which then fulfill Cy,x{o'i) = Cy,x(o'2) and therefore Uc^/r = —Uc^/t, v{ai) ~ f (0-2) 
and ipcri = (pa2- It follows that Wi^(T) = 0. If dimr' = fc — 1, Cy^x gives a one-to-one 
correspondence between {a S Y'-'^^t < a} and {a' G AT^'^^lr' < cr'} respecting weights 
and normal vectors, and we have ipcr = (fCy x{a}- It follows that v^{t) = uo^{t'). So the 
two weighted fans we obtain are equivalent. 

Remark 3.6 (Affine linear functions and sums). Let tp g K.*{C) be globally affine linear, 
i.e. (p = \\\Q\ + c for some A G A^, c G M. Then obviously p ■ C — 0. 
Let furthermore G JC*{C) be another rational function on C. From p^ + i'a = (v + '0)<t 
it follows that ((^ + -0) • C = (/? • C + -0 ■ C. 
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Proposition 3.7 (Balancing Condition and Commutativity). 

(a) Let C be an affine k-cycle inV = A (g) K and tp £ K,*{C) a rational function on C. 
Then diY^ip) = ip-C is an equivalence class of tropical fans, i.e. its representatives 
are balanced. 

(b) Let tl) G /C*(C) be another rational function on C. Then it holds ■ (if ■ C) — 
^ • • C). 



Proof, (a): Let {X, cu) be a representative of C on whose cones ip is affine linear Pick a 
9 £ X^''~^\ We choose an element A G with Ajvo = 'Pe- By remark [331 we can go 
on with If — \ — fiO) G /C* (C) instead of ip. By dividing out Vg, we can restrict ourselves 
to the situation dimX = 2, = {0}. 

By a further refinement (i.e. by cutting an possibly occuring halfspace into two pieces 
along an additional ray), we can assume that all cones cr G AT are simplicial. Therefore 
each two-dimensional cone a G A'^^' is generated by two unique rays r, r' G X^-^\ i.e. 
a = T + t'. We denote 



X(cr) := [A^ : A^ + A^/] = [A^ : Zur/{o} + 'Zur'/{o}], 

where Ui-/{o} ™d "t' /{o} denote the primitive normal vectors introduced in construction 
2.31 Then we get 



["^'/{o}] = Xi(^)ua/T mod Vr. 

This equation can be shown for example as follows: The linear extension of the following 
function 



index : Ag- \ A,- 



[Act : Zut-/{o} + 2w] 



to Act is in fact trivial on A^. Therefore it can also be considered as a function on K„/ Kr- 
But by definitions we know index(MCT/T) = 1 (as Ur/{o} and any representative of Uct/t 
form a lattice basis of Ag) and index(w7./ /{q} ) — x{'^)^ which proves the claim. 
This means that we can rewrite the balancing condition of X around t G AT^^^ only using 
the vectors generating the rays, namely 



E 



^(g) 
x{<y) 



Ut'/{0} G Vr 



where A,- is a coefficient in K and a denotes r 
compute the weight w^(t) of r in div (</?): 



= ArW^/{o}: 

r' in such sums. Of course, we can also 



E 



) 
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Let us now check the balancing condition of • C around {0} by plugging in these equa- 
tions. We get 

'^¥'W"r/{0} = ^7^'^K'/{0})"r/{0} 

T+r'eX(2) 

t6X(i) 

By Commuting t and r' in the first summand we get 

T + T'eA'(2) 

- X! ^r(p{Ur/{0})Ur/{Q} 

II \ 



tGX(i) 



Y ^f-no} 



Vr+T'eX(2) / 



AtMt/{0} 



—0 (balancing condition around r) 

= 0. 

This finishes the proof of (a). 

(b): Let (X, ui) be a representative of C on whose cones (p and ip are affine linear. Pick a 
g X^'^-^). By the same reduction steps as in case (a), we can again restrict ourselves to 
dimX = 2, 9 = {0}. With the notations and trick as in (a) we get 



t,t'gX<i) 
r+T'eX<2) 

which finishes part (b). □ 

Definition 3.8 (Affine Cartier divisors). Let C be an affine fc-cycle. The subgroup of glob- 
ally affine linear functions in IC* (C) with respect to + is denoted by O* (C). We define the 
group of affine Cartier divisors of C to be the quotient group Div(C) := IC*{C)/0*{C). 
Let [(fi] G Div(C) be a Cartier divisor By remark 13.61 the associated Weil divisor 
div([(p]) :— div(iy9) is well-defined. We therefore get a bilinear mapping 

• : Div(C) X Zf (C) ^ ^fi(C), 
called affine intersection product. 

Example 3.9 (Self-intersection of hyperplanes). Let A = Z" (and thus V = R"), let 
ei, . . . , e„ be the standard basis vectors in and eg — ei — • • • — e„. By abuse of 
notation our ambient cycle is R" := [({M"}, cj(R") = 1)]. Let us consider the "linear 
tropical polynomial" h = xi®- ■ ■®x„®0 = max{a;i, . . . , a;„, 0} : R" R. Obviously, 
his a rational function in the sense of definition |3.1| For each subset / C {0, 1, . . . , n} we 
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1, 



denote by ai the simplicial cone of dimension |/| generated by the vectors — Ci for i ^ I. 
Then h is integer linear on all c/, namely 

ifO^/, 

Xi if there exists an i G {1, . . . , n} \ /. 

Let L"^ be the fc-dimensional fan consisting of all cones c/ with \I\ < k and weighted with 
the trivial weight function cj^n . Then is a representative of M" fulfilling the conditions 
of definition 1 3. II We want to show 

ft__^-R" = [L^,]. (*) 

k times 

This follows inductively from h ■ [L^^^] = [iJJ], so it remains to compute ujL]^^_^ji{ai) for 
all / with |/| ~ k < n. Let J := {0, 1, . . . , n} \ I. Obviously, the (fc + 1) -dimensional 
cones of L^_^_i containing aj are precisely the cones (yjulj} ij^J- Moreover, —ej is a rep- 
resentative of the normal vector u^^^^^^/^j . Note also that for all i £ /', /' C {0, 1, . . . , n} 
we have h^^, (— e^) = h\„^, (— Cj) = h{—ei). Using this we compute 



=1 



^oer . ' ^ 



= /i(-eo) + /i(-ei) + ■ • • + /i(-e„) 
= l + 0+--- + = l = Wi-.(a/), 
which implies ft, • = [L^] ^nd also equation (*). 

We can summarize this example as follows: Firstly, for a tropical polynomial /, the asso- 
ciated Weil divisor / • M" coincides with the locus of non-differentiability T(/) of / (see 
IIRGSTI section 3]), and secondly, "the fc-fold self-intersection of a tropical hyperplane in 
M"" is given by its {n — fc)-skeleton together with trivial weights all equal to 1. 



Example 3.10 (A rigid curve). Using notations from example [3.9l we consider as ambient 
cycle the surface S := [Lj] = © X2 ® X3 (B 0) in K'^. In this surface, we want to 

show that the curve R := [(R • 6^, w_r(M • cr) 1)] £ Zf^{S), where cr := ei + 62, 
has negative self-intersection in the following sense: We construct a rational function ip on 
5 whose associated Weil divisor is R and show that (p ■ R = ip ■ ip ■ S is just the origin 
with weight —1. This curve and its rigidness were first discussed in ||Ml Example 4.11., 
Example 5.9.]. 

Let us construct (p. First we refine L2 to Lr by replacing o'{i,2} and (J{o,3} with (7{i^r}, 
<^{R}^ (T{fl„2}, Cfo.-i?.}' '^{-R} aiid cr{-i?,3} (using again the notations from example 13.91 
and e^R := —cr = gq + 63). We define : 15*1 ^ M to be the unique function that is 
Hnear on the faces of L r and fulfills 

0, -ei, -62, -63, -e_i? ^ 0, -Co ^ 1 and - cr^ -1. 

Analogous to |3.9l we can compute for i = 1, 2 

uJLa,ipi<J{z}) = v(-eo) + ipi-es) + ^(-cr) = 1 + 0-1 = 0, 
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The rigid curve R in S. 



for z = 0, 3 

^^L^..p{<7{^}) = </3(-ei) + (p{~e2) + ^{-e-n) = + + = 0, 

and finally 

t^Lfl,v(c^{i?}) = v(-ei) + </3(-e2) - (p{-en) = + - (-1) = 1, 

i^LR,^{(y{-R^}) = <^(-eo) + (^(-63) - (^(-e__R) = 1 + + 0=1, 

which means Lp- S = R. Now we can easily compute (p-(p- S — (f- Ron the representative 
{(T|j^}, cr{_fl.j, {0}} (with trivial weights) of R: 

^^R,AM) - v(-ei?) + </7(-e_H) = -1 + = -1. 

Therefore (p ■ Lp ■ S = [({0}, wdO}) = —1)]. Note that we really obtain a cycle with 
negative weight, not only a cycle class modulo rational equivalence as it is the case in 
"classical" algebraic geometry. 

4. Push-forward of affine cycles and pull-back of Cartier divisors 

The aim of this section is to construct push-forwards of cycles and pull-backs of Cartier 
divisors along morphisms of fans and to study the interaction of both constructions. To do 
this we first of all have to introduce the notion of morphism: 

Definition 4.1 (Morphisms of fans). Let X be a fan in ^ = A E and y be a fan in 

V' = A' M. A morphism f : X ^ Y is a Z-linear map, i.e. a map from \X\ C V to 
\Y\ C V' induced by a Z-linear map / : A ^ A'. By abuse of notation we will usually 
denote all three maps /, / and / ®z id by the same letter / (note that the last two maps 
are in general not uniquely determined hy f : X ^ Y). A morphism of weighted fans is a 
morphism of fans. A morphism of affine cycles / : [{X, ujx)] [{Y, ojy)] is a morphism 
of fans / : X* Y*. Note that in this latter case the notion of morphism does not depend 
on the choice of the representatives by remark |2!9l 



FIRST STEPS IN TROPICAL INTERSECTION THEORY 



13 



Given such a morphism the following construction shows how to build the push-forward 
fan of a given fan. Afterwards we will show that this construction induces a well-defined 
operation on cycles. 

Construction 4.2. We refer to HGKMI section 2] for more details on the following con- 
struction. Let {X, ujx) be a weighted fan of pure dimension in 1/ = A 0^ let Y be 
any fan in V' = A' 0^ R and let f : X Y he a morphism. Passing to an appropriate 
refinement of {X, ujx ) the collection of cones 

/*X := {f{a)\a G X contained in a maximal cone of X on which / is injective} 

is a fan in V' of pure dimension n. It can be made into a weighted fan by setting 

E u;xia)-\K,/f{A.)\ 

creX("):/((T)=(7' 

for all a' G /^AT^"). The equivalence class of this weighted fan only depends on the 
equivalence class of {X, uix)- 

Example 4.3. Let X be the fan with cones ti, T2, ra, {0} as shown in the figure 

r2 D X 



T2 

and let ujx{Ti) = 1 for i = 1,2,3. Moreover, let y := R be the real line and the 
morphisms /i, /2 : AT ^ F be given by fi{x, y) -.^ x + y and f2{x, y) := x respec- 
tively. Then = (/a)*^ = {{x < 0},{0},{a- > 0}}, but Lo^f,),x{{x < 0}) = 

^ih),xi{x > 0}) = 2 and^^f^),xi{x < 0}) = > 0}) = L 

Proposition 4.4. Let (AT, lox) be a tropical fan of dimension n in V = A ®z R, let Y be 
any fan in V' = A' ®x R o.nd let f : X ^ Y be a morphism. Then f^X is a tropical fan 
of dimension n. 

Proof. A proof can be found in IIGKMl section 21. □ 

By construction |4.2| and proposition |4.4| the following definition is well-defined: 

Definition 4.5 (Push-forward of cycles). Let ^ = A R and V = A' ®% R. Moreover, 
let X e Z^f{V), Y G Zf[V') and / : X ^ y be a morphism. For [(Z, ujz)] G Zf{X) 
we define 

f.[{Z.uJz)] := [{f.{Z*),Wf,^z,))] G Zf{Y). 

Proposition 4.6 (Push-forward of cycles). Let V = A and V' = A' ®z R. Let 

X G Z^f{V) and Y G Zf^{V') be cycles and let f : X Y be a morphism. Then the 
map 

Zf{X)—.Zf{Y):C^f.C 
is well-defined and Tj-linear 
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Proof. It remains to prove the linearity: Let [A^uja) and {B,ujb) be two tropical fans 
of dimension k with A = A*, B = B* and |^|, \B\ C \X*\. We want to show that 
f*{A + B) ^ f^,A + f*B. Refining A and B as in construction 12 . 1 3 1 we may assume that 
A, B C A + B. Set A := A + B and 

uja{<^), if cr G a 
0, else 



for all facets cr G A. Analogously, set := A + B with according weights. Then A ~ 
A and B ^ B. Carrying out a further refinement of A + B like in construction 14.21 
we can reach that + B) ^ {f{<j)\(T ^ A + B contained in a maximal cone of A + 
B on which / is injective}. Using A = B ^ A + B = A + B we get f^,A ~ f^,B ~ 
,f*{A + B) ~ f^,{A + B) and it remains to compare the weights: 

(je(A+B)W:f(cr)=a' 

^ [u;^{a)+u^{a)]-\K,/f{K)\ 

ae(A+B)W:f{a)=a' 



^ u;Aa) ■ \K,/f{A.)\ + 



J2 c.5(a).|A;7/(A.)| 

<TeS(''>:/(cr)=(T' 

forall facets ct' of Hence /.(A+B) - f^A+B) = f^A+f^B - J^A+J^B 
as weighted fans. □ 

Our next step is now to define the pull-back of a Cartier divisor. As promised we will prove 
after this a projection formula that describes the interaction between our two constructions. 

Proposition 4.7 (Pull-back of Cartier divisors). Let C € Z^{V) and D G Zf{V') be 
cycles in V = K ®z and V — A' ®z K respectively and let f : C ^ D be a morphism. 
Then there is a well-defined and la-linear map 

V>\n{D) — > Div(C) : {h\ i — > := {h o /]. 

Proof. The map h ^ h o f is obviously Z-linear on rational functions and maps affine 
linear functions to affine linear functions. Thus it remains to prove that /i o / is a rational 
function if h is one: Therefore let {X,ujx) be any representative of C, let {Y,ujy) be 
a reduced representative of D such that the restriction of h to every cone in Y is affine 
linear and let fv ■ V ^ V he a Z-linear map such that /vlid = /• Since Z := 
{/y ^((t')|(t' G Y} is a fan in V and \X\ C \Z\ we can construct the refinement X := 
X DZ of X such that ho f is affine linear on every cone of X. This finishes the proof. □ 

Proposition 4.8 (Projection formula). Let C G Z^{V) and D G Z^{V') be cycles in 
V — h. (EJz R o-nd V — A' ®z K respectively and let f : C ^ D be a morphism. Let 
E G Z^^{C) be a cycle and let if> G Div(£)) be a Cartier divisor. Then the following 
equation holds: 

^■{f.E)^f,{f*^-E)eZf_,{D). 
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Proof. Let E = [{Z^bJz)] and ip ~ [h]. We may assume that Z = Z* and /i(0) = 0. 
Replacing Z by a refinement we may additionally assume that f*h is linear on every cone 
of Z (cf. definition l3.1l) and that 

f*Z ~ {f{a)\a G Z contained in a maximal cone of Z on which / is injective} 

(cf. construction \A.2\ . Note that in this case h is linear on the cones of /*Z, too. Let 
cr' C |Z3| be a cone (not necessarily a' G f^Z) such that h is linear on cr' . Then there 
is a unique linear map /i^' : V'^/ ^ K induced by the restriction h\ai . Analogously 
for f *hcr,(J C \C\. For cones t < a € Z of dimension k — 1 and k respectively let 
fcr/r G A be a representative of the primitive normal vector Ucr/r G A/A^ of construction 
12.31 Analogously, for r' < cr' G /*Z of dimension fc — 1 and k respectively let u^' /t' be a 
representative of u^.' /r' £ A'/A^,. Now we want to compare the weighted fans h ■ {f*Z) 
and f*{f*h ■ Z): Let r' G /*Z be a cone of dimension fc — 1. Then we can calculate the 
weight of t' in h ■ {f*Z) as follows: 



\<t'G/.Z:<t'>t' / 
\<T'e/.Z:<T'>r' J 

= I E ( E a;z(a).|A;,//(A.)l| . VKv^')) 

\<T'e/.Z:<T'>T' y^gz(fc).j(„) = ^/ j j 

~k\ E ( E c.z(a).|A;,//(A.)|| ...,/^' I 

\<T'e/.Z:<T'>T' \CTeZ('=):/(<T) = (T' / / 

E '^^('^) ■ |A'/M//(Aa)| ■ 

\<TeZ('=):/(<T)>T' / 

-'^r' ( E '^z{o) ■ \Mf(„-j/ f{Ka)\ ■ W/(CT)/r' 1 

\<TeZ<'=):/(<T)>T' / 

Now let t' G f*{f *h ■ Z) of dimension fc — L The weight of t' in f*{f *h ■ Z) can be 
calculated as follows: 



'^f,(f*h-Z){r) = J2 ^fh-ziT)-\K,/f{Ar) 



reC/'h-Z)!*---!): 



E E i^z{o)f*K{v^/^) 



Te(/*fe.Z)('''-l): \<TeZ(''):<T>T 



V<TeZ(''):<T>T // 
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E 



E ^z('^)-/K/t) 



\K'/f{^r)\. 



i.<TeZ('=):CT>T 



Note that /(iv/^) = |A;^,/(A;, + Z/(iv/^))| ■v„,/^,+X„,r e A' for some A„^^ e A;,. 
Since hf(„){\cr,T) = ^/(r)(^cr.T) these parts of the corresponding summands in the first 
and second interior sum cancel using the Hnearity of h fi^^y Moreover, note that /(wcr/r) = 
Acr.T G A^, for those a > t on which / is not injective and that the whole summands 
cancel in this case. Thus we can conclude that the sum does not change if we restrict the 
summation to those a > t on which / is injective. Using additionally the equation 

|a;,//(a.)I = |a;,//(aoi ■ |a;,/(a;, + 

we get 



E 

re{f*h-Z)(''-^^: 



S{t)^t' \<t>t,/(<t)> 



w 



Y ^z{o) ■ \A'n„)/f{K)\ ■ W/(<T)/r' 



\CT>r,/((T)>T 



Y ^Z{(J) ■ |Aj(„)//(A<,)| ■ hf(^){vn„yr') 

Tez('=):/(o-)>T' y 



-K' Yj ■ |A/(<t)//(A<t)| ■Vf{a)/T' ■ 

\<TGZ('=):/(<T)>r' / 

Note that for the last equation we used again the linearity of hr' ■ We have checked so 
far that a cone r' of dimension fc — 1 occurring in both h ■ {f*Z) and f*{f*h ■ Z) has the 
same weight in both fans. Thus it remains to examine those cones /(r), r G Z^*^'^^' such 
that / is injective on r but not on any a > t. \n this case all vectors v^j^. are mapped to 
A'^^^^. Again, /i/(cr) = ^/(r) ™d by hnearity of /i/(r) all summands in the sum cancel as 
above. Hence the the weight of /(r) in • Z) is and ■ (f*E) — [h ■ {f*Z)] — 

[Mrh-z)]^Mf*cp-E). □ 



5. Abstract tropical cycles 



In this section we will introduce the notion of abstract tropical cycles as spaces that have 
tropical fans as local building blocks. Then we will generalize the theory from the previous 
sections to these spaces. 

Definition 5.1 (Abstract polyhedral complexes). An (abstract) polyhedral complex is a 
topological space \X\ together with a finite set X of closed subsets of |X| and an embed- 
ding map (fia : <T ^ M"" for every a G X such that 



FIRST STEPS IN TROPICAL INTERSECTION THEORY 



17 



(a) X is closed under taking intersections, i.e. a r\ a' £ X for all ct, u' G X with 

(b) every image (^^ (c), cr G X is a rational polyhedron not contained in a proper affine 
subspace of R"" , 

(c) for every pair cr, ct' G X the concatenation Lp^r o Lp^} is integer affine linear where 
defined, 

(d) \X\^ U (y9g:^((/?o.(CT)°), where (^^(0")° denotes the interior of (/3cr(cr) in R"". 

For simplicity we will usually drop the embedding maps (p^ and denote the polyhedral 
complex (X, {(/Jcrlc G X}) by (X, \X\) or just by X if no confusion can occur. The 
closed subsets (t G X are called the polyhedra or faces of {X, \X\). For a E X the 
open set a" :~ (p'^^{(pcri<j)°) is called the relative interior of a. Like in the case of fans 
the dimension of {X, \X\) is the maximum of the dimensions of its polyhedra. {X, \X\) 
is pure-dimensional if every inclusion-maximal polyhedron has the same dimension. We 
denote by X^") the set of polyhedra in {X, |X | ) of dimension n. Let T,a & X. Like in the 
case of fans we write t < a [or t < a) if t C a [or t C a respectively). 

An abstract polyhedral complex {X, \X\) of pure dimension n together with a map cux ■ 
X'") Z is called weighted polyhedral complex of dimension n and ujxio') the weight 
of the polyhedron a G X'"^ Like in the case of fans the empty complex is a weighted 
polyhedral complex of every dimension n. If {{X, \X\),ujx) is a weighted polyhedral 
complex of dimension n then let 

X* := {r G X|t C cr for some cr G with / 0}, |X* I := |J tC\X\. 

rex* 

With these definitions {{X*, \X*\),ujx\{x*)'.^)) is again a weighted polyhedral complex 
of dimension n, called the non-zero part of {{X, \X\),ujx)- We call a weighted polyhedral 
complex {{X, \X\),uJx) reduced if ((X, \X\),ujx) = {{X*, \X*\), lox-) holds. 

Definition 5.2 (Subcomplexes and refinements). Let {X, \X\, {(fia}) and {Y, \Y\, {ipr}) 
be two polyhedral complexes. We call {X, \X\, {(fia}) a subcomplex of (Y, \Y\, {ipr}) if 

(a) \x\ c 

(b) for every cr G X exists r G F with cr C r and 

(c) the Z-linear structures of X and Y are compatible, i.e. for a pair cr, r from |(b)| the 
maps ip„ o and ° Va^ are integer affine linear where defined. 

We write {X, \X\, {(fia}) ^ {Y, \Y\, {V'r}) in this case. Analogous to the case of fans we 
define a map Cx,y : X ^ Y that maps a polyhedron in X to the inclusion-minimal 
polyhedron in Y containing it. 

We call a weighted polyhedral complex {{X, \X\),ujx) a refinement of ((F, wy) if 

(a) {X*,\X*\)^iY*,\Y*\), 

(b) \X*\ = \Y*\, 

(c) ujx{<t) = ujy{Cx'.y-{<j)) for all a G 

Definition 5.3 (Open fans). Let {F,LUp) be a tropical fan in R" and U C R" an open 
subset containing the origin. The set F :— F f) U :~ {a D U\a G F} together with the 
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induced weight function ujp is called an open (tropical) fan in M". Like in the case of fans 
let |F| [J^,^p ■ Note that the open fan F contains the whole information of the entire 

fan F as = {R>o ■ <T'\a' e F}. 

Definition 5.4 (Tropical polyhedral complexes). A tropical polyhedral complex of dimen- 
sion n is a weighted polyhedral complex {{X, \X\), ojx) of pure dimension n together with 
the following data; For every polyhedron a G X* we are given an open fan Fa in some 
M"" and a homeomorphism 

such that 

(a) for all a' E X* ,(t' ^ a holds ^cr{<^' n 5^) G F„ and is compatible with the 
Z-hnear structure on cr', i.e. $cr o (^^/ and tpa' o ^re integer affine linear where 
defined, 

(b) wx(cr') = LUpA'^aicr' n Sa)) for every a' G with a' D a, 

(c) for every pair cr, r G X* there is an integer affine linear map Ao-.t and a commuta- 
tive diagram 




For simplicity of notation we will usually drop the maps and write {{X, \X\),ujx) or 
just X instead of {{{X, \X\),ujx), {^a})- A tropical polyhedral complex is called reduced 
if the underlying weighted polyhedral complex is. 

Example 5.5. The following figure shows the topological spaces and the decompositions 
into polyhedra of two such abstract tropical polyhedral complexes together with the open 
fan Fa for every polyhedron a: 




Construction 5.6 (Refinements of tropical polyhedral complexes). Let 
{{{X, \X\),ujx), {^a}) be a tropical polyhedral complex and let {{Y, \Y\),ujy) be a re- 
finement of its underlying weighted polyhedral complex {{X, \X\),ujx). Then we can 
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make {{Y, \Y\),ujy) into a tropical polyhedral complex as follows; We may assume that 
X and Y are reduced as we do not pose any conditions on polyhedra with weight zero. 
Fix some t G Y and let a := Cy,x{t). By definition of refinement, for every t' G Y 
with t' > T there is a' G X , a' > a with r' C a' . Thus St C Sa and we have a map 
*r := *cr|s^ : Sr ^ *t(5't) ^ K""- It remains to give ^rl-Sr) the structure of an 
open fan: We may assume that {0} C ^'r(T) (otherwise replace 4',- by the concatenating 
of ^E't- with an appropriate translation T^, apply to and and change the maps 
Ag. cr' and A^./ g. accordingly). Let {M>o • cr'|<T' G -F^} be the tropical fan associ- 

ated to F^ and let F]f be the set of cones {M>o • ^'r(T')|T < r' e Y}. Note that 

the conditions on the Z-linear structures on X and Y to be compatible and on <ta to be 
compatible with the Z-linear structure on X assure that Fj is a fan in W''" . In fact, 
with the weights induced by y is a refinement of {F^ , Wpx)- Thus the maps together 

with the open fans {q n '^t{St)\q G t G F fulfill all requirements for a tropical 

polyhedral complex. 

Remark 5.7. If not stated otherwise we will from now on equip every refinement of a trop- 
ical polyhedral complex coming from a refinement of the underlying weighted polyhedral 
complex with the tropical structure constructed in l5.6l 

Deflnition 5.8 (Refinements and equivalence of tropical polyhedral complexes). Let Ci = 

(((Xi,|Xi|),u;xJ,{<f>^,^}) andC2 = (((X2, IX2I), wjf J, be tropical polyhe- 

dral complexes. We call C2 a refinement of Ci if 

(a) ((^2, IX2I), is a refinement of {{Xi, |Xi|), w^J and 

(b) C2 carries the tropical structure induced by Ci like in construction 15.61 i.e. if 
C'2 = ^((X2, IX2I), 0^X2)1 {'I'i^f}^ is the tropical polyhedral complex obtained 
from Ci and the refinement {{X2, \X2\), wxs) then the maps o {^^^y^ and 

° i^a2)~^ ^'"e integer affine linear where defined. 

We call two tropical polyhedral complexes Ci and C2 equivalent (write Ci ~ C2) if they 
have a common refinement (as tropical polyhedral complexes). 

Remark 5.9. Note that different choices of translation maps Tr in construction 15 .61 onlv 
lead to tropical polyhedral complexes carrying the same tropical structure in the sense 
of definition I5.8l|(b)| In particular definition 15.81 does not depend on the choices we 
made in construction l5.6l Note moreover that refinements of {{{X, \X\), ujx), {^a}) and 
((Y, |y|),a;y) in construction ^ . 61 onlv lead to refinements of {{{Y, |y|),a;y), {5'^}). 

Construction 5.10. (Refinements) Let {((X,\X\, {ipcr}),0Jx), {^a}) and 
(((Y, |y I, {'0T-}), wy), {^T-}) be reduced tropical polyhedral complexes such that 
(y, < {X, \X\) and the tropical structures on X and Y agree, i.e. for every t G Y 
andcr := Cy,x(t) G Xthemaps 'i'rO^~^ and ^^o^'r^ are integer affine linear where de- 
fined. Moreover let {{{X' ,\X'\, {(p'^,}),ujx>), {^'^,}) be a reduced 
refinement of {{{X,\X\, {ipc}),ujx), {^a})- Like in the case of fans we will 

construct a refinement (^{{Y n X',\Y n X'\,{ij^y^'}),ujYnX'),{'^r'^''^'}) of 
(((F, |y|,{V'r}),t^y),{*r}) such that {Y n X' ,\Y n X'\)^ (^M^'l) and the tropical 
structures onY Ci X' and X' agree: 

Fix a G X. Note that the compatibility conditions on the Z-linear structures of X', 
X and Y, X respectively (cf. I5.2l|(c)| l assure that (pa-{a'), a' G X' with a' C cr as 
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well as fa{T), T E Y with r C cr are rational polyhedra in K"''. Thus in this case 
Lpa{p' n t) = <^cr{sy') n ^aij) is a rational polyhedron, too. Let Ha' ,t — K"^ be the 
smallest affine subspace of E"'' containing <^(j{p' H t). We can consider Lp„\„i^T to be a 
map cr' n T M"^ . We can hence construct the underlying weighted polyhedral complex 
of our desired tropical polyhedral complex as follows: Set P := {r n <t'|t G F, cr' G ^'}, 
y n X' := {r G G pfdimM) . ~ ^ ^jjy ^ ^/| _ |y| ^j^j wynX'M := 

wr(CYnx',y(T)) for all t G (Fn X')(dim(y))^ ^ remains to define the maps ^^X^^' 
and '^X'^^' '■ For every t' G F n X' choose a triplet cr' G X',r G F, cr G X such 
that cr' n T = r' and cr',T C ct and set "^^F^-^ := V'trU'riT- With these definitions 
the weighted polyhedral complex {{Y D X', \ Y Ci X'\, {ip'^,^'^ }),'^YnX') is a refinement 
of {(Y, \Y\, {ipr}),0JY)- Thus we can apply construction 15.61 to obtain maps {'^/^P^ } 
that endow our weighted polyhedral complex with the tropical structure inherited from 
((F, |F|, {■0r}), i^y)- Note that the compatibility property between the tropical structures 
of F and X is bequeathed to F n X' and X', too. 

Lemma 5.11. The equivalence of tropical polyhedral complexes is an equivalence rela- 
tion. 

Proof. LetCi = (((Xi, {<i>^/}), C2 = (((X2, IX2I), c^xj, {<i>^,n) and 

C3 = (((-'^3, l^sDi^Xs), {^ai}) be tropical polyhedral complexes such that Ci ~ C2 
via a common refinement Di = (((Fi, |Fi|),a;Yj), {$^j}) and C2 ~ C3 via a common 
refinement D2 = (((F2, IF2I), UJY2), {^^l})- We have to construct a common refinement 
of Ci and C3: First of all we may assume that Di and D2 are reduced. Using construction 
ITTOlwe get a refinement D3 := (((Fi n F2, |Fi n F2I), ajy.nY^), {$^1^^^}) of Di with 
(Fi n F2 , 1 Fi n F2 1 ) < (F2 , 1 F2 1 ) and a tropical structure that is compatible with the tropical 
structure on Z?2- It is easily checked that D3 is a refinement of D2, too. □ 

Definition 5.12 (Abstract tropical cycles). Let {{X, \X\), ojx) be an rt-dimensional tropi- 
cal polyhedral complex. Its equivalence class [{{X, \X\), ojx)] is called an (abstract) trop- 
ical n-cycle. The set of n-cycles is denoted by Z„. Since the topological space \X* \ of 
a tropical polyhedral complex {{X, \X\), ojx) is by definition invariant under refinements 
we define | [{{X, \X\),uJx)] \ ■= \X*\. Like in the affine case, an n-cycle {{X, \X\),ujx) 
is called an (abstract) tropical variety if lox{o') > for all cr G X'"'. 

Let C € Zn and D G Z^. be two tropical cycles. D is called an (abstract) tropical cycle 
in C or a subcycle of C if there exists a representative {{{Z, \Z\),ujz), {"^t}) of D and a 
reduced representative {{{X, \X\),ujx), {^a}) of C such that 

(a) {Z,\Z\)<{X,\X\), 

(b) the tropical structures on Z and X agree, i.e. for every t E Z the maps 
vI/t o (1)^^ ^^^^ and x{t) ° ^ are integer affine linear where defined. 

The set of tropical fc-cycles in C is denoted by Zk{C). 

Remark and Definition 5.13. (a) Let X be a finite set of rational polyhedra in M", / G 
Hom(Z", Z) a linear form and G M. Then let 

:= {{x G M"|/(x) < 6}, {x G R"|/(a;) = b}, {x G M"|/(.t) > b}}. 

Like in the case of fans (cf. construction I2.10l i we can form sets P := 
{a n cr'Icr G X, cr' G -ff/,b} and X n Hf^b {cr G P|J t G p(d™('^)) with t C cr}. 
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(b) Again let X he a finite set of rational polyhedra in W\ Let {/; < bi\i = 1, . . . , N} be 
all (integral) inequalities occurring in the description of all polyhedra in X. Then we can 
construct the set X D Hf^^i,^ n • ■ • fl Note that for every collection of polyhedra 

X this set X n Hf^ ^^ n • • • fl is a (usual) rational polyhedral complex (i.e. for 

every polyhedron r G X every face (in the usual sense) of a is contained in X and the 
intersection of every two polyhedra in X is a common face of each). Moreover note that 
the result is independent of the order of the fi and if {gi < Ci\i = 1, . . . , A/} is a dif- 
ferent set of inequalities describing the polyhedra in X then X fl Hf-^ j,^ fl • • • fl Hf^,b^ 
and X n Hg^^d n • • • n Hgj^j^cM have a common refinement, namely X fl i?/i,bi fl • • • fl 

Hf^fiM n i?gi,ci n • • • n Hg^^^cM- 

Construction 5.14 (Sums of tropical cycles). Let C G Z„ be a tropical cycle. Like 
in the affine case the set of tropical fc-cycles in C can be made into an abelian group 
by defining the sum of two such fc-cycles as follows: Let Di and D2 G Zk{C) be 
the two cycles whose sum we want to construct. By definition there are reduced rep- 
resentatives (((Xi,|Xi|),c^xJ,{$f4) and {{{X2,\X2\),u;x,),{'^r'}) of C and re- 
duced representatives {{{Y,\Y\),ujy),{'^t}) of Di and (((Z, |Z|), wz), {$f }) of D2 
such that (F, \ Y\)<i{Xi, \Xi\) and the tropical structures on Y and Xi agree and (Z, |Z|)< 
{X2, \X2\) and the tropical structures on Z and X2 agree. As is an equivalence re- 
lation there is a common refinement ({{X, \X\, {(Pt-}),llJx), {^t}) of Xi and X2 which 
we may assume to be reduced. Applying construction ^ . 1 Ol to Y and X we obtain the trop- 
ical polyhedral complex (((F Ci X,\Y Ci X\), uynx), {^t^'^}) which is a refinement of 
Y, has a tropical structure that is compatible with the tropical structure on X and fulfils 
(Y n X,\Y n X\)<i {X, \X\). if we further apply construction 15. 101 to Z and X we get a 
refinement (((Z r\X,\Z Ci X\),u}znx), {^t^^}) of Z with analogous properties. Now 
fix some polyhedron <t G X and let ri , . . . , G Y f) X and Tr+i , . . . , G Z D X he 
all polyhedra of Y D X and Z Ci X respectively that are contained in a. Note that prop- 
erty (a) of definition 15 . 1 21 implies that for alH = 1, . . . ,r the image (pcr{Ti) is a rational 
polyhedron in M"" . Like in remark and definition 15. 131 let {fi < bi\i = 1, ■ • ■ , N} he 
the set of all integral inequalities occurring in the description of all polyhedra (pcr{Ti),i = 
1, . . . ,s andlet Rynx ■= WTin)]! = 1, . . . ,r} n Hf^^bi n • • • n and Rznx ■= 

{(^.(tOIz = r + V..,s}n7J/,,fa,n---nff/„,f,„. ThenP^nA- ■= WaHr)\T G ii^pxl 
and Pznx {Vcr^C''")!''" S ^znx } are a kind of local refinement ofYnX and Z H X 
respectively, but taking the union over all maximal polyhedra a G X*^"^ does in gen- 
eral not lead to global refinements as there may be overlaps between polyhedra com- 
ing from different cr. We resolve this as follows; For a G X^^^\ t G [J"^q X^^^ let 
Py^ :~ {g G Pypj^ I r is the inclusion-minimal polyhedron of X containing £»} and 
PY,n ■■= {JaexM{9 e P^nxl^r G : gC?}. Analogously for and Pz^n- 

Then let y := U (UexW:.<„{aex("):rCa ^-k- € ^frl) and Z := 

x(i') ■.i<n{r\aex("i -.rCa ^<^\'''<^ '= -^z,t})- Morcovcr for every t e Y U Z 
choose some a G X'"^ with r C a and let ipr fair- Note that by construction 
(y, |y n X|) and {Z, \Z n X\) with structure maps ^t, t G X or t G Z respectively and 
weight functions ajy and induced hyYnX and Z D X are refinements ofYOX and 
Z n X (we need here that Rynx ^^'^ ^znx were usual polyhedral complexes in R"''). 
Thus we can endow them with the tropical structures inherited from Y X and Z D X 
respectively (cf. construction l5.6b . As {XlJY, \Yr\X\ U |ZnX|) is a polyhedral complex 
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An illustration of the process described in construction l5. 141 
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now, we can form 

((P,|P|),^P) := {{X\JY,\Yr\X\\j\Zr\X\),up), 

where ujp{a) :~ ^ylc) + ^z^'^) ^ ^a{<^) for ct ^ □, 

□ G {y , Z}). Recall that the tropical structures on Y and Z are inherited from Y r\X and 
Z n X and are thus compatible with the tropical structure on X. Thus (S^) C 
with weights induced from P is an open fan (the corresponding complete tropical fan is 
just the sum of the fans coming from Y and Z). Thus we can set := ^als'" ■ — > 
$^(5*^) and can hence define the sum Di + D2 to be 



D1+D2 



((P,|P|),C.p),{$,} 



Note that the class [{{{P, \P\), (^p), {^a})] is independent of the choices we made, i.e. the 
sum Di + D2 is well-defined. 

Lemma 5.15. Let C G Zn be a tropical cycle. The set Zk{C) together with the operation 
"+ "from construction \5. 14\f onns an abelian group. 

Proof. The class of the empty complex = [0] is the neutral element of this operation and 

[((r, |y I), -wy)] is the inverse element of I), tjy)] G Zk{C). □ 



6. Cartier divisors and their associated Weil divisors 



Definition 6.1 (Rational functions and Cartier divisors). Let C be an abstract fc-cycle and 
let U be an open set in |C|. A (non-zero) rational function on U is a continuous function 
(f : U ^ R such that there exists a representative {{{X, \X\, {mcr}aex),^^x), {Ma}aex) 
of C such that for each face a E X the map ip o m^^ is locally integer affine linear (where 
defined). The set of all non-zero rational functions on U is denoted by K.*q{U) or just 
K.*{U). 

If additionally for each face a & X the map ip o M^^ is locally integer affine linear (where 
defined), tp is called regular invertible. The set of all regular invertible functions on U is 
denoted by 0*c{U) or just 0*{U). 

A representative of a Cartier divisor on C is a finite set {(f/i, pi), . . . , (C/;, pi)}, where 
{Ui] is an open covering of |C| and ip^ g K.*{Ui) are rational functions on Ui that only 
differ in regular invertible functions on the overlaps, in other words, for all i ^ j we have 

'PiluinUj - Vj\u,nUj e 0*{Ui n Uj). 

We define the sum of two representatives by {{Ui, pi)} + {{Vj,ipj)} ~ {{Ui n Vj, ipi + 
ipj)}, which obviously fulfills again the condition on the overlaps. 

We call two representatives {{Ui, ipi)}, {{Vj,tpj)} equivalent if (pi—ipj is regular invertible 
(where defined) for alH,j, i.e. {{U^,^^)}~{{Vj,^j)} = {(W^fc, 7^)} with 7,- G 0*{Wk). 
Obviously, "+" induces a group structure on the set of equivalence classes of representa- 
tives with the neutral element {(|C|,co)}, where cq is the constant zero function. This 
group is denoted by Div(C) and its elements are called Cartier divisors on C. 

Example 6.2. Let us give an example of a Cartier divisor which is not globally defined 
by a rational function: As abstract cycle C we take the elliptic curve [X2] from example 
I5.5l (the brackets resemble the fact that, to be precise, we take the equivalence class of the 
polyhedral complex X2 with respect to refinements). By ai, a2 we denote the two vertices 
in X2. W.l.o.g. we can assume that the maps A/q; map the points ai exactly to G M. Of 
course, the stars Sa^ , Sa^ cover our whole space \C\ = \X2\. So we can define the Cartier 
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ipi on Sa^ ^2 on V'l ~ ^2 on the overlaps 




CK2 "2 t^2 



The Cartier divisor defined in example [6.2l 

divisor := [{(^qj , -01), (S'aa 7 ^^2)}], where := max(0, a;) o A/qj and -02 :=cooMq2 
with Co the constant zero function. Let us check the condition on the overlaps: On one 
open half of our curve the two functions coincide, whereas on the other open half they 
differ by a Unear function. So we constructed an Cartier divisor which can not be globally 
defined by one rational function (as tpi can not be completed to a continuous function on 

\c\). 

Remark 6.3 (Restrictions to subcycles). Note that, as in the affine case (see remark [l!2] ). 
we can restrict a non-zero rational function (p G ICq{U) to an arbitrary subcycle D C C, 
i.e. (f\un\D\ G f^hi^ ^ \^\)- ^l^o true that a regular invertible function ip G Oq{U) 
restricted to D is again regular invertible, i.e. (p\un\D\ S 0'^{U D \D\). Hence we can 
also restrict a Cartier divisor [{{Ui, (pi)}] £ Div(C) to D by setting [{{Ui, (fii)}] \d ■= 
[{{Ui n (/?i|;7.n|_D|)}] G Div(_D). Let us also stress again that we still require our 
objects to be defined everywhere (on a given open subset U). This causes problems like 
for example in remark lS^l 

Consfrwcfion 6.4 (Intersection products). Let C be an abstract fc-cycle and (^9 = [{(J/i, (y3j)}] 
€ Div(C) a Cartier divisor on C. By definition 16. II and lemma ISTTTl there exists a repre- 
sentative {{{X, \X\, {mo-jo-ex), wjf ), {Ma-}crex) of C such that for all i and a £ X the 
map ipi o is locally integer affine linear (where defined). We can also assume that 
X ^ X* , as our functions are defined on |C| = \X*\ at the most. We would like to define 
the intersection product ip ■ C to he 

(^(^{Y,\Y\,{m,},eY),u;x.„),{Ma\s- : ^ \F^\},^y^ , 

where 

Y U ^^^^ 1^1 U - U (-')", :^ U 

i=0 a£Y a'£Y i=0 

(tC(t' 

and ujx ip is an appropriate weight function. So it remains to construct ojx ip (t) for r e 

First, we do this pointwise, i.e. we construct uJx,ipip) for p G {t)". Given a p € (t)", 
we pick an i with p £ Ui. Let V be the connected component of Mr{Ui n Sr) con- 
taining Mr{p)- Then the function ipi o il/^^|y can be uniquely extended to a rational 
function (pi G /C* ( [{Fr ,ujp )] ), where {Fr ,ujp, ) is the tropical fan generated by the open 
fan {Ft-tOJFt)- So, in the affine case, we can compute (I^ ' ^'^t{t)) (see construction 

I3.3l and definition l3.4l ) and define oJx.pip) '■— ;p (I^ • ^^t(t)). 

This definition is well-defined, namely if we pick another j with p G Uj and denote by V 
the connected component of Mr{Uj n Sr) containing Mt{p), we know by definition of a 
Cartier divisor that ipi o i\/^^|yny ^ fj ° M~^\vnv' is affine linear, hence (pi — ipj is 
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affine linear. By remark[3]6]we get cop ^. (K • Mt(t)) ~ ujp ^ . (R • Af^ (t)). 
The same argument shows that our definition does not depend on the choice of a represen- 
tative {{Ui, Lpi)} of Lp. 

But as {t)" is connected, the continuous function ujx,ip ■ (t)" Z must be constant. 
Hence, we define ujx.ipir) :~ i^x,ip{p) for some p e [t)". With this weight function 



Y,\Y\, {m^}„gy) , uJx,if^ , {M„\s^ }aeY^ 



is a tropical polyhedral complex. 

Let us now check if the equivalence class of this complex is independent of the choice of 
representatives of C. Let therefore {{{X', \X'\, {m„r}cr'£X'):^x'), {A^cr' }(t'gx') be a re- 
finement of {{(X, \X\, {ma-}rrex),i^x), {Ma}ai£x) (we can again assume X' = X'*). 
Then, for each a' G X', the map M^^, x{<^') ° ^a'^ embeds Fg-i into a refinement 
of Fq^, ^{a')- Applying the affine statement here (see remark |33] |. we deduce that for 

each r' G X't*^"!' it holds w^'.^l'^') = (if dimCx',x(T') = k) ov lox'A^')) = 
LOxACx'.xir')) (if dimCx',x(T') ^ k - 1). 

Definition 6.5 (Intersection products). Let C be an abstract fc-cycle and = [{(C^,'Pi)}] G 
Div(C) a Cartier divisor on C. Let furthermore {{{X, \X\, {ma-}aex),0Jx), {Ma}cTex) 
be a representative of C such that \X\ = \C\ and for all i and a G X the map (pi o m^^ is 
locally integer affine linear (where defined). The associated Weil divisor div{Lp) ^ ip ■ C 
is defined to be 



fe-l s -| 

- U U 'yAma}.eY),u;x,^),{M,\s^}aeY] E Zk-i{C), 

i=0 cr£Y ' - 

where 5j = [Ja-'eYi'^')" ^x,ip is the weight function constructed in construction]] 

crCcr 

Let D e Zi{C) be an arbitrary subcycle of C of dimension I. We define the intersection 
product of ip with Dtoheip-D:— • D G Z;_i(C). 

Example 6.6. Let us compute the Weil divisor associated to our Cartier divisor ip on the 
elliptic curve C constructed in example [6.2l In fact, there is nothing to compute: One can 
see immediately from the picture that div{ip) is just the vertex ai with multiplicity 1 (the 
multiplicity of a2 is as in order to compute it, one has to use the constant function ip2)- 
Let us stress that this single point can not be obtained as the Weil divisor of a (global) 
rational function, as all such divisors must have "degree 0" (this is defined precisely and 
proven in remark lsT^l and lemma ISJj i. 

Proposition 6.7 (Commutativity). Let (p,ip & Div(C) be two Cartier divisors on C. Then 

Proof. Say ip = [{(t/i, (^.J}] and ip ~ [{{Vjii^j)}]- Using lemma ISTTTI we find a repre- 
sentative {{{X, \X\, {mcr}aex),i^x)AMa}aex) of C such that \X\ = \C\ and for all 
i, j and a G X the maps ipi o and i/jj o ni~^ are locally integer affine linear (where 
defined). For 9 G X'^^~'^\ p € (Oy and i,j with p G Ui (1 Vj we get (using notations 
from construction I6.4l l iL!x,<p,,pi9) = ^x.ip.ip{p) = ^. • Mg{9)) and similarily 
ijJx,xji,ip{&) = '^_Fe i/j ' ^-^e{(^))- Using the corresponding statement in the affine case 

now (see proposition 13.71 (b)), we deduce that the two weight functions are equal which 
proves the claim. □ 
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7. Push-forward of tropical cycles and pull-back of Cartier divisors 

Definition 7.1 (Morphisms of tropical cycles). Let C E Zn and D £ Z,n be two tropical 
cycles. A morphism / : C ^ D of tropical cycles is a continuous map / : |C| \D\ 
with the following property: There exist reduced representatives {{{X, \X\), ojx), {^a}) 
of C and (((F, |r |), wy), of £> such that 

(a) for every polyhedron a X there exists a polyhedron a G Y with /(cr) C a, 

(b) for every pair a, a from |(a)| the map o / ° ■ l^a^l ^ \^^\ induces a 
morphism of fans — > F~ (cf. definition 14.1b . where and F~ are the 
tropical fans associated to F^ and F~ respectively (cf. definition |5.3t . 

First of all we want to show that the restriction of a morphism to a subcycle is again a 
morphism: 

Lenuna 7.2. Let C € Zn and D G Z^ be two cycles, f : C ^ D a morphism and 
E G Zk{C') a subcycle of C. Then the map f\\E\ ■ — > \D\ induces a morphism of 
tropical cycles f\E '■ E ^ D. 

Proof. By definition of morphism there exist reduced representatives {{Xi, \Xi\)^loxi) 
of C and ((y, |y|),a;y-) of D such that properties (a) and (b) in definition 17.11 are ful- 
filled. By definition of subcycle there exist reduced representatives ((Zi, |Zi|), of 
E and {{X2, \X2\),UJX2) of C such that properties (a) and (b) in definition l5.12l are ful- 
filled, i.e. such that (Zi, |Zi|)< (^2, \X2\) and the tropical structures on Zi and X2 agree. 
As "~" is an equivalence relation there exists a common refinement ((X, \X\),bJx) of 
{{Xi, \Xi\)^uJxi) and ((X2, |X2|),a;x2) which we may assume to be reduced. Applying 
construction 15.101 to Zi and X we obtain a refinement ((Z, |Z|), lj^) := 
((ZinX,|ZinX|),wzinx) of ((Zi,|Zi|),wzJ such that [Z,\Z\)< {X,\X\) and the 
tropical structures on Z and X agree. Thus properties (a) and (b) of definition 17.11 are 
fulfilled by Z and Y and the restricted map f\\E\ ■ \E\ \D\ gives us a morphism 



If we are given a morphism and a tropical cycle the following construction shows how to 
build the push-forward cycle of the given one along our morphism: 

Construction 7.3 (Push-forward of tropical cycles). Let C £ Zn and D G Zm be two 
cycles and let / : C ^ D he a morphism. Let {{{X,\X\, {(pcr}),ujx), {^a}) and 
(((F, \Y\, {-^cr}), wy), {^'t}) be representatives of C and D fulfilling properties (a) and 
(b) of definition 17. II Consider the collection of polyhedra 

Z := {f{(T)\(7 E X contained in a maximal polyhedron of X on which / is injective}. 

In general Z is not a polyhedral complex. We resolve this by subdividing the polyhedra in 
Z and refining X accordingly: 

Fix some polyhedron a <E Y^"^'> and let ti, . . . , Tr € Z be all polyhedra that are contained 
in a. Property (b) of definition 17 . II implies that {'ipa{Ti)\i = 1, . . . , r} is a set of rational 
polyhedra in M"''. Like in remark and definition 15. 131 let {gi{x) < bi\i — 1, . . . , N}, 
Qi G Hom(Z"'^ , Z), hi G M be all inequalities occurring in the description of all polyhedra 

in {■4^a{Ti)\i = 1, . . . ,r} and let 



f\E -.E^D. 



□ 



Pa 



{i^a[Ti)\i = 1,. ..,r} niJci.hi n •■ • n7JG«,h 
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Like in construction 15. 141 can be seen as a kind of local refinement of Z. But here 
again taking the union over all maximal polyhedra S F^™) does in general not lead 
to a global refinement as there may be overlaps between polyhedra coming from dif- 
ferent a. We fix this as follows (cf. EH): For o e F^") and t G U"o^ ^^'^ let 
P"zr {£' ^ P5?|r is the inclusion minimal polyhedron of y containing £»} and 

^z,™ := Useyc")!^? e Psl^f e : e C f}. Then Z := 

-Pz,mU (^U?eY('):i<™{n5ey(-):?c5'rsfksf £ -Pz.?}) is the set of polyhedra (without any 
overlaps now) that shall induce our wanted refinement of X: Let T := 
{ct e X(")|/isinjectiveonCT}, Qo := {r e X|^(t e T : t C cr} and Qi := 
(U.eT{(/l-)"HT)|r e ^, r C /(a)}) . Then define X := Qo U Qi. 
Let T e Qi and choose cr G T with r C cr. Property (b) of definition 17. II implies that 
i/jjf o / o (^^1 is integer affine linear where defined. Hence (pa{T) is a rational polyhedron 
in M"". Denote by H^r^r the smallest affine subspace of M"" containing (pcr{T)- We can 
consider gr fAr to be a map Qt : t H^.t — K"^. Note that by construction 
{X, \X\, {qt}) is a polyhedral complex. We endow it with the weight function cj^ and 
tropical structure {$^} induced by X. Now we are able to define 

f^,X {/(o')|cr e X contained in a maximal polyhedron of X on which / is injective} 

and \f^X\ := Ure/, y ^- ^'^^ every polyhedron t G /»X let cr^ G F be the inclusion- 
minimal polyhedron containing r. Then define := 7/)^,^ |^ : r ^ Ha^.r — M"^, where 
Ha^.T ^ R""^ is the smallest affine subspace containing the rational polyhedron ■00-^ (t) G 
Z. Note that this makes {f*X, \ f*X\, {i?t}) into a polyhedral complex. Moreover note 
that property (b) of definition 17. II still holds for X and Y. Hence we can assign weights 
and tropical fans to /»X as follows: Let cr G ,f*X, letaGY be the inclusion-minimal 
polyhedron containing it and let ti, . . . , G X he all polyhedra with /(ri) = a that are 
contained in a maximal polyhedron of X on which / is injective. Then let ^'^(S'g:) = F-^ 
and ^^{Sn) " respectively be the corresponding open fans and F~ , F^ be the 
associated tropical fans. Property (b) of definition l7. ll implies that ff.F^ C \F~\ is again 

a tropical fan (note that we do not need to refine F^ to construct this push-forward). Thus 
we can define 



F/-^', c.^/.x j := y /*P,f , ^ LOf^p^ and F/'^' := P/*^ n ^>~,{S,) 
\i=i i=i ^' I 

(here again we assume that uj ^ fx(j) = if t ^ f^,F:^). Moreover we define 

Then the map 0^, cr G f^,X is 1 : 1 on polyhedra and we can endow the maximal polyhedra 
of f^,X with weights u!f^x{-) coming from F^*^ in this way. These weights are obviously 
well-defined by property (c) of the tropical polyhedral complex Y (cf. definition 15. 41 ) and 
the maps Q„ for different a G /*X are obviously compatible. Hence we can define 



f*C 



{{{f.X,\UX\,{^r}),iOf,x)AQr}) 



e Zn{D). 



Note that the class {^t}), '^/.x), {©t})] is independent of the choices we 

made. Thus construction 17 . 3 l immediatelv leads to the following 
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Corollary 7.4 (Push-forward of tropical cycles). Let C E Zn and D G Z,„ be two cycles 
and let f : C ^ D be a morphism. Then for all k there is a well-defined and Z-linear map 

Zk{C) Zk{D) : E ^ UE := 
Proof. The linearity can be proven similar to the affine case (cf. proposition l4.6b . □ 

Our next aim is to define the pull-back of Cartier divisors. But first we need the following 

Lemma 7.5. Let C € Zn and D e Z„i be two tropical cycles and let f : C ^ D be a 
morphism. By definition there exist reduced representatives {{{X, \X\, {(po-}), ^Jf), {'i'cr}) 
ofC and {{{Y, \ Y\, {V'r}), wy), {^'t}) of D such that properties (a) and (b) in definition 
\7.1\ are fulfilled. Let (((^i, 1^11, {il}'^t}) , ujyi) , {^r'D refinement ofY. Then there 
is a refinement (((^i, |^i|, {'P^'Di'^Xi), {'I'ct}) of X such that properties (a) and (b) of 
definition U .l\ are fulfilled for Xi and Yi. 

Proof LetXi {ct n /"i(r)|cr G X, t £ Yi}. By property (b) of definition O all 
Va{<^ n /^^(t)) are rational polyhedra in R"". For every a' £ Xi choose a £ X such 
that a' = an f~^{T) for some r g Yi. Then we can define if'^, := fala' ■ c' Ha^^r = 
R""', where H^^r is the smallest affine subspace of M"" containing (/^^(o'')- Moreover 
letjXil := \X\. Note that with these settings (Xi, |Xi |, {i/j^,}) is a polyhedral complex. 
We can endow it with the weight function ujxi and the tropical structure {$^/ } induced by 
X. Together with Yi the tropical polyhedral complex {{{Xi, \Xi\, {ip'^,}),ujxi), {^'a'}) 
fulfills the requirements (a) and (b) of definition l7.ll □ 

Proposition 7.6 (Pull-back of Cartier divisors). Let C G Z„ and D G Zm be tropical 
cycles and let f : C ^ D be a morphism. Then there is a well-defined and Z-linear map 

J^W{D) Div(C) : im, h,)}] ^ f*[m, h,)}] [{{f^HU,), h, o /)}]. 

Proof We have to show that ho f e /CJ(/-i(C/)) for h G IC}y{U) and that ho f e 
0*c{f-\U)) for h G 0*^{U). Then the rest is obvious. 

So let /i G IC*jj{U). Then there exists a representative (((y, {V'crDiWy), {*r}) of £> 
such that for every polyhedron a G Y the map hoip~^ is locally integer affine linear More- 
over, since / is a morphism there exist representatives {{{X, \X\, {ipcr}), ojx), {$t}) of C 
and (((y, \Y'\,{'>P'^,}),luy'), {^'r'}) of D such that properties (a) and (b) of definition 
17. H are fulfilled, i.e. /(u) C 5 G for all cr G X and the maps ^"5; 0/0 induce mor- 
phisms of fans. By lemma |73] we may assume that Y = Y'. Now let ct G X and choose 
some a G Y such that /(cr) C a. Property (b) of definition l7. 1 [ implies that i/j^ o f o Lp'^^ 
and 0/0 are integer affine linear Thus ho f o ip~^ = {ho tp~^) o {ijj-^ 0/0 tp~^) 
is locally integer affine Unear and h o f <e IC^{f~^{U)). If additionally h o vf-^ is lo- 
cally integer affine linear then so is /i o / o = {ho ^) o {^-^ o f o $^^). Hence 
ho f e 0*c{f -\U)) for he OUU). a 

Our last step in this chapter is to state the analogon of the projection formula from 14. 8 1 

Proposition 7.7 (Projection formula). Let C e Zn and D G be two cycles and f : 
C ^ D be a morphism. Let E G Zk (C) be a subcycle ofC and d G Div(Z?) be a Cartier 
divisor Then the following holds: 

d-{f^C) = f^{f*d-C)eZk-i{D). 
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Proof. The claim follows from the constructions of /*C and f*d, from definition |63] and 
proposition l4.8l □ 

8. Rational Equivalence 

We will now make some first steps in establishing a concept of rational equivalence. 

We fix an abstract tropical cycle A as ambient space and an arbitrary subgroup R C 
Div(A) of the group of Cartier divisors on A. We define the Picard group as the quo- 
tient group Pic(A) := Div{A)/ R. Let Rk C Zk{A) denote the group generated by 
{(f ■ C\lp ^ R,C & Zk+i{A)}, i.e. by all fc-dimensional cycles obtained by intersecting 
a Cartier divisor from R with an arbitrary [k + l)-dimensional cycle. We define the k-th 
Chow group to be Ak{A) Zk{A)/Rk. 

Corollary 8.1 (Intersection products modulo rational equivalence). The map 

■ : Pic(A) X Afc(A) ^ 

is well-defined and bilinear. 

Proof. By definition, for each Lp ^ R, D E Zk (A) we have Lp- D <E Rk-i - Let furthermore 
(p ■ C he an element in Rk (where (p € R,C E Zk{A)). Then it follows from proposition 
f3J\h) that for arbitrary ijj G Div(yl) we get i/; • ((^ • C) = ■ (V' ■ C) G Rk~i- The claim 
follows from the bilinearity of the intersection product. □ 

So far, our intersection theory takes place (at least locally) in M", which can be consid- 
ered as the n-dimensional tropical algebraic torus. Especially, if we generated rational 
equivalence by all rational functions on A, the resulting Chow groups and intersection 
products would be useless in enumerative geometry: As in the classical case, the divisor 
of a rational function might have components in the "boundary" of some compactification 
of the "affine" variety E". Therefore, in the following we restrict the functions that gen- 
erate rational equivalence to those "whose divisor in any torical compactification has no 
components in the boundary". 

Deflnition 8.2 (Rational equivalence generated by bounded functions). Let A be an ab- 
stract tropical cycle and R{A) := {[(|^|, 'p)]\'P bounded} be the group of all Cartier divi- 
sors globally given by a bounded rational function. We define the Picard group Pic(^) 
Div{A) / R{A) and the Chow groups Ak{A) as above. We call two Cartier divisors (two 
fc-dimensional subcycles resp.) rationally equivalent, if their classes in Pic(A) (Ak{A) 
resp.) are the same. 

Let us prove that we do not divide out too much for applications in enumerative geometry. 

Lemma 8.3. Let C be an one-dimensional abstract tropical cycle, tp G R{C) a bounded 
rational function on C and {{{X, {m„}„^x)^ ^x)^ {A/o-jcrex) o. representative ofC 
such that \X\ = \C\ and for all a E X the map ip o m^T^ tpr^ is integer affine linear 
Then 

u;^{{p}) = 0, 

i.e. tp ■ C is of degree zero. 
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Proof. By definition, for all {p} G X'*'' we have 

aGX'i) 
pGo" 

Notethatifcr G X*^^^ contains two different vertices, say 9i cr and 920", we have Uct/ioict} = 
~'^(y/{d-2<y}- Otherwise, cr contains less than two vertices, mc,{<j) is a non-compact poly- 
hedron and therefore ip can only be bounded if it is constant on a. Together we get 

{p}GX(0) {p}GX(") aGXd' 

pGo- 

E ^('^)'/''^('"<T/{a<T}) 

^GX(1' 

aiao-GCT 
aiOo-GCT 

+ E ^{'^){'^'y{'^<y/{dia}) - •^•y{u„i{Q^„})) 

aGX(l> ' ' 

3! di<7,d2,<y Go- 

= 0. 

□ 

Remark^A. As a consequence, for any cycle C E Z^, (A) there is a well-defined morphism 

deg : Ao(C) — > Z : [AiPi + . . . + A^P,.] i — > Ai + . . . + A^. 

For D G ^o(C') the number deg(£>) is called the degree of D. 
Moreover, by coroUarv lS. ll there is a well-defined map of top products 

Pic(A)'^ — > Z : ([.^i], . . . , [<^dim(c)]) ' — ' deg([(^i • . . . • (pdimic) ' C]), 

where A is our ambient cycle and d is the dimension of C. Of course, this map is of 
particular interest when dealing with enumerative questions. 

Of course, our chosen rational equivalence R{A) := {[{\A\, ip)]\(p bounded} should also 
be compatible with pull-back and push-forward. However, in the push-forward case we 
face problems due to our definition of rational functions. Let us first state the positive 
result in the pull-back case. 

Lemma 8.5 (Pull-back of rational equivalence). Let C, D be tropical cycles and let f : 
C D be a morphism between them. Then the pull-back map Div(£') — > Div(C), >— > 
/*(y9 induces a well-defined map on the quotients Pic(D) — > Pic(C), [p] ^ [/*</']• 

Proof. We only have to show that for each element (|Z?| , V') G R{D) the pull-back Cartier 
divisor f*{\D\, ip) lies in R{C). But this follows from the trivial fact that the composition 
■0 o / of a bounded function ij: and an arbitrary map / is again bounded. □ 
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Remark 8.6 (Push-forward of rational equivalence). The corresponding statement for push- 
forwards is false! Let us again consider the elliptic curve C from Example 16.21 On this 
curve, the Weil divisor associated to the bounded rational function -if) illustrated in the 
picture below equals div(-0) = ai + a2 — as — a^. 




0-2 OL3 



The push-forward of div(?/') under this morphism is /* div(-0) = 02 — cha- But this Weil 
divisor can obviously not be obtained by a rational function on D. This problem is due to 
our restrictive definition of rational functions (see remark |372] |. We are currently working 
on a refined version of the related definitions. 

9. Intersection of cycles in M" 

So far we are only able to intersect Cartier divisors with cycles. Our aim in this section is 
now to define the intersection of two cycles with ambient cycle M" (with trivial structure 
maps). But first we need some preparations: 

Definition 9.1. Let (((X, {y.,}), c^x), and (((F, |y |, {V-r}), c^f), {^-r}) be 

tropical polyhedral complexes. We denote by 

(((X, \X\, {^4), OJx), {$4) X (((F, {Vr}),a;y), {^r}) 

their cartesian product 

{{{XxY,\X\ X |y|,{,?,xr}),c^xxy),{e,x.}), 

where 

XxY := {a XT\a e X,T eY} , 

^^xr (fa X t(jr ■■ Cr X T >M"-xR"-, 

uJxxY{cr^T) ujxio-) ■ ujy{t), 

e,xr := <PaX^r-S^xS^^\F^\x\F^\. 

Let and F^ be the entire fans associated with F^ and F^ from above. Obvi- 
ously, the product F^ x FJ {a x P\a G F^ ,(3 G F^} with weight function 
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{a X (3) := ujp,x{a) ■ 0JpY{P) is again a tropical fan and thus its intersection 
with \F^\ X \FJ\ yields an open fan (cf. definition I5.3l l. Hence the cartesian product 
{{{X X Y,\X\ X {z?CTxr}), wxxy), {0(Txr}) is again a tropical polyhedral complex. 

If C = [{X, ujx)] and D — [(F, LOy)] are tropical cycles we define 

CxD:^ [{X,ux)x{Y,ujy)] 

for {X, LOx) X (F, Loy) as defined above. Note that C x D does not depend on the choice 
of the representatives X and Y. 

Remark 9.2. We can express the diagonal in R" x R" 

[(A,l)] = eR"},l)] G Z„(R" x M") 

as a product of Cartier divisors, namely 

[(A,l)] = ^.i-..V„-R" xR", 

where ■(/;,; = [{(R", max{0, a;^ - yj)}] £ Div(R" x R"), i = 1, . . . , n. We will use this 
ability to define the intersection product of any two cycles in R". 

Definition 9.3. Let tt : R" x R" R" : {x, y) i— > x. Then we define the intersection 
product of cycles in R" by 

Z„_fe(R") X Z„_,(R") ^ Z„_fe_KK") 

{C,D) ^ C ■ D ■.= tt4A-{C X D)), 

where tt, denotes the push-forward as defined in l7.4l and A-{CxD) := V-'i ' ■ ■ V'n ■ (C* x _D) 
with ijji, . . . , ipn as defined in remark |972l 

Having defined this intersection product of arbitrary cycles in R" we will prove now some 
basic properties. But as a start we need the following lemmas: 

Lemma 9.4. Let C G Zfe(R") be a cycle with representative {X, ujx) <^nd tef ■01 , . . . , 
be the Cartier divisors defined in remark W^ Then [Xj , uJXj ) with 

Xj {(R" X cr) n {{x,y) G R" x R"\x., = y^fori^ j,...,n}\a G X}, 

cox, ((K" X a) n {{x, y) G R" x R"|x, ^ yjor i ^ j, . . . , n}) := uoxW) 
is a representative of ^jj •■■ (/'«• R" x C. 

Proof. We use induction on j. For j = n + 1 there is nothing to show. Now let the above 
representative be correct for some j + 1. We have to show that Xj is a tropical polyhedral 
complex and that it represents ipj ■ ■ ■ tl'n ■ IR" x C: Note that 

dim ((R" X cr) n {{x, y) G R" x W"\x^ ^ y, for i = j, . . . , n}) 
< dim ((R" X cr) n {\x, y) G R" x R"|a;i = yi for i = j + l,..., n}) 

for all a ^ X. Hence Xj is a tropical polyhedral complex. Moreover note that 

Xj+i := {cr n {xj - y.j = 0}, cr n {xj - yj < 0}, cr n {xj ~ yj > 0}\a G Xj+i} 

with weights induced by Xj+i is a refinement of Xj+i such that max{0, Xj — yj } is linear 
on every face of Xj^^i. By Q there are exactly two types of faces of codimension one in 

(i) (R" X cr) n {xi - j/i = for i = j, . . . , n} with cr G X, codim(cr) = 0, 
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(ii) (M" X cr) n {xi - j/j = for i = j + 1, . . . , n; a;j — < 0} or 

(M" X cr) n {xi - j/i = for i = j + 1, n; a:^ - j/j > Ojwith a e X, 
codini((7) = 1, 

where the faces of the second type are not contained in {{x,y) G x M"|xj = yj}. 
Hence max{0,Xj — yj} is Hnear on a neighborhood of every face of type (ii) and thus 
these faces get weight zero in max{0, xj — yj} ■ Xj^i. The faces of type (i) are weighted 
by ^Xj+i x cr) n {xi — yi = for i = j + 1 , . . . , n}) in max{0, Xj ~yj} ■ Xj+i since 
xi — yi, . . . ,Xn — yn are part of a lattice basis of (Z" x Z")^. Thus max{0, Xj — yj} ■ 
Xj^i = Xj and Xj is a representative of ipj ■ ■ ■ ipn ■ x C. □ 

Corollary 9.5. Let C G Zfc(M") be a cycle. Then we have the equation: 

M" ■ C = C. 

Proof. Let {X.ujx) be a representative of C, let tt : M" x M" ^ M" : (x, y) ^ x and 
let , . . . , i/;„ be the Cartier divisors defined in remark l972l By lemma|93]we know that 

Xi = {{{x^x)\x S cr}|(T G X} with ojXi {{{xtx)\x G cr}) = iOx{<^) is a representative of 
V^i • • • V'n • M" x C. Hence 

E" . C = 7r,(7^i • • •i^„ • M" X C) = [7r,(Xi,c^xJ] = [(^,^x)] = C. 

□ 

Lemma 9.6. Lef C G Zfc(M") an^f D G Zi{«"') be abstract cycles, tp G Div(M") a 
Cartier divisor and tt : R" x M™ ^ M" ■ix,y) x. Then: 

{ip-C) xD^TT*p-{C -xD). 

Proof. We prove the statement for affine cycles C, D and an affine Cartier divisor ip. The 
general case then follows by applying the statement locally. 

Choose arbitrary representatives y of D and h of p and choose a representative X of C 
such that h is linear on every face of X. This implies that 7r*/i is linear on every face of 
X xY , too. In X X y we have two types of faces of codimension one: 

(i) cr X r with cr G X, r G 1', codim(cr) = 1, codim(T) = 0, 

(ii) cr X r with cr G X, r G y codim(cr) = 0, codim(T) = 1. 

For the second type the adjacent facets are exactly all cr x r with r > r. We get toh (cr x r) = 
in /i • X X y as 7r*/i is linear on cr x \Y\. For the first type the adjacent facets are exactly 
all X r with a > a and the weights can be calculated exactly like for h- X. This finishes 
the proof. □ 

Let C and D be cycles in R". Assume that C can be expressed as a product of Cartier 
divisors, i.e. there are (^i , . . . , (/j^ G Div(M") such that C = ■ • • Vi ' H^"- The obvious 
questions are now how C ■ D relates Xo pr ■ ■ ■ 'Pi ■ D and whether ipr ■ ■ ■ ■ D depends 
on the choice of the Cartier divisors Lpi. To answer this question we first prove a somewhat 
stronger statement: 

Lemma 9.7. Let C G ^^(E") and D G Zz(E") be cycles and (p G Div(M") a Cartier 
divisor Then we have the equality: 

{ip-C)-D = ip-{C-D). 
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Proof. Let tt : M" x W 



n 



M" : {x,y) 
{^■C)-D = 



^ xhe. like above. It holds: 



7r4A-(v3-C) xD) 



IS 



• TT^A • C X D) 

^■(C-i^). 



□ 



Corollary 9.8. Let C £ Zfc(R") fee a cycZe smc/z that there are Cartier divisors 
ipi,. . . ,LPr e Div(M") with • ■ ■ V'l • I^" = C and let D e Zi{W^) be any cycle. 
Then 



Remark 9.9. Note that corollarv l9.8| in particular implies that our definition of the intersec- 
tion product on M" (cf. |9.3l l is independent of the choice of the Cartier divisors describing 
the diagonal A. 

Theorem9.10. LetC,C' e ^^(M"), D e Z;(M") and E e ^m(K") be cycles. Then the 
following equations hold: 

(a) C ■D = D-C, 

(b) {C + C')-D = C -D + C -D, 

(c) {C ■ D) ■ E ^ C ■ {D ■ E). 

Proof (a); Let ?/>! , ■ • ■ , '0n e Div(]R" x R") be Hke defined in remark|92] Note that for 
every i E {1, . . . ,n} the maps max{0, Xi — yi} and max{0, yi — Xi} only differ by a 
globally linear map and hence define the same Cartier divisor Thus we get 

7r*(V'l ■■■iJn-C X D) ^ TT^Vl ■■■tpn- D XC). 

(b) : Follows immediately by bilinearity of the intersection product 

Div(R" x M") X Zp(M" X R") — ^ Zp_i(R" x R"), 

linearity of the push-forward and the fact that (C + C) xD^CxD + C'xD. 

(c) : We will show that A • C x (tt^A • D x £:)) = A • (tt^A • C x Z?) x : 
Let7ri2 : (R")3 ^ (]R»)2 . [x,y,z) ^ {x,y), tt^^ : (R")^ (M")2 : {x,y,z) ^ {x,z) 
and TT^^ : (R")'^ — > (R")^ : (x, y, z) ^ (y, z). An easy calculation shows that 



Lpj. ■ ■ ■ Lpi ■ D = C ■ D. 



Proof. Applying lemma and lemma |94l we obtain 

C ■ D ^{ipr---ipi- R") ■ D = ipr- ■ - Lpi ■ (R" ■ D) = Lpr- ■ -ipi- D. 



□ 



A • C x (7r,(A ■DxE)) = A- ttI^{C x {A ■ D x Ej) 



(1) 



and 



A • (tt^A ■CxD)xE)^A- nl^{{A -C xD)xE). 



(2) 
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Now let tpi, . . . , t/jn be the Cartier divisors defined in remark l9.2l We label these Cartier 
divisors with pairs of letters to point out the coordinates they are acting on. We obtain 



A - C X (tt^A ■ D X E)) 

A ■ iridic X (A-DxE)) 
^/,y---rn'-T:l^{Cx{ri'---rn'.DxE)) 



^ 'kI^{{t:^^)*4'? ■ ■ ■ {^^^YVry ■ C X {iljf ■■■^l^ -DxE)) 

^i'((7r'^)>r ■ ■ • (^'')*^r ■ • ■ ■ (7ri')*C^ -CxDxE) 

7ri3((7ri2)*^^y . . . (7ri2)*^^y . (7ri3)*V'^^ . . . (TriS)*^^ ■ C x D x E) 
^ ((7ri3)*^-- . . . • i.^? ■■■^iy-CxD)xE) 

^ i^r--- i^r" ■ ■■■i^'^y ■CxD)xE) 

= A • 7ri3((A ■CxD)xE) 
= A-(7r,(A-CxL») xE). 
This proves (d). □ 

It remains to show that our intersection product is well-defined modulo rational equiva- 
lence. If this is the case the intersection product induced on yl»(]R") clearly inherits the 
properties of the intersection product on (R") we have proven in this section. 

Proposition 9.11. The intersection product Z^^ki^'^) x Z„_/(R") — ^ Z„_fc_i(K") 
induces a well-defined and bilinear map 

A„_fc(R") X A„_,(M") ^ A„_fc_KK") : {[C], [D]) ^ [C] ■ [D] := [C ■ D]. 

Proof. Let h ■ C G Rn-k (cf. section HJ and D G Z„_;(R"). Using lemma Wn\ we can 
conclude that {h ■ C) ■ D = h ■ (C ■ D) e Rn-k-i- □ 

Our last step in this section is to prove a Bezout-style theorem for a special class of tropical 
cycles in R" called W^-generic cycles. But first we need some further definitions: 

Definition 9.12. Let X be a tropical polyhedral complex in R" and let v G R". We denote 
by X{v) the translation 

X{v) := {a + v\a e X} 

ofX along V. If [X] ^ C e Zfc(R") then C{v) [X{v)]. Note that the class C{v) is 
independent of the representative X. 

Definition 9.13. Let C G Zfe(R") be a tropical cycle and let LJJ be the tropical fan defined 
in example [3.9l Then we define the degree ofC to be the number 

dcg(C) :=dcg(C-[i^,dhnx]), 

where the second map deg : 2'o(R") Z : AiPi + . . . + A, _P,. Ai + . . . + A,, is the 
usual degree map. Then the map dcg : Zfc(M") ^ Z is obviously linear by definition. 
Moreover, we define the degree of [C] S ^fc(R") to be dcg([C]) :== deg(C). Note that 
deg([C]) is well-defined by remark lST?! 
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Lemma 9.14. LetC e Zk{^^) and D £ Zn-k{^^'^) be two tropical cycles of complemen- 
tary dimensions. Then 

dcg(C • D) = Aeg{C{vi) ■ D{v2)) 
for all vectors vi,V2 G M". In particular deg{C) = deg{C{v)) for all v G M". 

Proof. Let tt : M" x M" M" : {x, y) i-^ a; be the projection map as above and for 
u = . . . , Un) e M" let 

A(u) - (Cxi?) ^i(Hi) ■ • ■ V„K) • (C X Z?) 

withV'i(ui) := [{(M",max{0, Xi-yj+wJ)}] e Div(R"xR") be the intersection with the 
translated diagonal (cf. definition 19. 31 ). Note that the rational function max{0, Xi — yi} — 
niax{0, Xi — yi + ui] is bounded and that hence [t/i^] = S Pic(R" x M") for all i. 

It follows that 



and thus we get 



[A ■ (C X £>)] = [A(m) • (C x D)] e Ao(M" x M") 

dcg(C-D) = dcg(7r4A • (C X Z?))) 
= dcg(A • (C X D)) 

deg(A(t;i - V2) ■ [C x D)) 
deg(A • (C(i'i) X D{v2))) 
Acg{^,{A-{C{v^)x D{v2)))) 
dcg{C{v^)-D{v2)). 



□ 



Definition 9.15 (P"-generic cycles). Let C e Z/j(]R") be a tropical cycle. C is called 
P" -generic if for one (and thus for every) representative X of C holds: For every face 
(J G X'*^^ there exists a polytope ^ K" of some dimension ?' G {0, . . . , /c} and a cone 
a G (L^) such that a <ZP„+a. 

Theorem 9.16 (Bezout's theorem). Let C G 2'fc(E") one/ D G Z„_fc(R") fwo tropical 
cycles of complementary dimensions. Moreover, assume that C and D are -generic. 
Then: 

deg(C-i5) = dcg(C)-dcg(I?). 

Proof. Let (X, lox) be a representative of C and (y, LOy ) be a representative of D. Moving 
X along a (generic) direction vector a = (ai, . . . , a„) G ^ Il^<o'^ '-^'^ reach that 
|X(a)| and |y| intersect in points in the interior of maximal faces only, namely |X(a)| fl 
|y| = \Pij\i = 1, . . . , r; j = 1, . . . , s} with — ui fl g'^ for facets (we use the notation 
introduced in example [3.9| for the cones of L]J here) 



(Tj G X(a)('^) with o-j C cr{i^...jt} + Mj G L'^{ui) and 
a;. G with a;. C a{,+i,....„} + v, G 



Hence we can conclude that X{a) ■ Y = J^l^iJ^j^i'^xicTij^Yi^^jjPij and thus by 
Iemma l9l4l 

r s 

deg(X • Y) = deg(X(a) • Y) = ^ ^ c^x(a.)c^yK). 
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Moreover we can deduce that |X(a)| n ~ {Pii, ■ ■ ■ ,Pri}- Hence X{a) ■ 

L^-kM = LLi i^x{cri)Pii and again by lemma |9.14| 

r 

deg(X) = deg(X(a) • = Y.^x{a^). 

i=l 

Analogously we obtain 

5 

deg(y) = deg(y • L^(wi)) = 5]c.y(a;). 
Thus the claim follows. □ 
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